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a  transactional  system. 
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The  analysis  of  queueing  systems  with  mind  typo*  of  interruption*  is 
important  in  many  computer  systems  modeling  educations  such  as  systems 
operating  in  diffsrent  modes,  systems  subject  to  breakdowns  and  repairs  and 
priority  queueing  systems. 

Tbs  M/G/l  queue  with  a  single  type  of  Poisson  interruptions  was  dealt  with 
extensively  by  Caver  [4]  for  a  variety  of  service-interruption  interactions.  The 
analysis  was  based  on  the  definition  of  tbe  completion  time.  He  derived  the 
lapiaoe  Stailtjes  trensform(£5f )  of  the  completion  time  and  used  the  method  of 
Imbedded  Markov  chain  and  the  renewal  theory  to  obtain  the  generating  func¬ 
tion  of  the  distribution  of  tbe  number  of  customers  in  the  system.  In  this  paper 
we  extend  tbs  results  of  Caver  to  allow  the  simultaneous  presence  of  different 
types  of  interruptions.  The  analysis  is  also  based  on  the  completion  time.  Gen¬ 
eral  Markovian  reward  models  for  the  analysis  of  tbs  completion  time  has  been 
studied  recently  [10,11]  for  various  types  of  service-interruption  interaction. 
Yet  due  to  the  assumption  of  exponential  bolding  times  the  model  presented 
here  la  not  included  es  e  special  case. 

Ve  introduce  the  definition  of  the  effective  sendee  time  associated  with  a 
customer's  service.  This  is  mssningfui  and  useful  for  the  demonstetion  of  an 
alternative  probabilistic  arguments  to  Uw  derivation  of  ths  first  and  tbs  second 
momenta  of  ths  eomptsUon  Ums.  Tbs  steady  stats  avenge  number  of  custo¬ 
mers  in  the  system  is  obtained  end  Uw  relation  to  the  Poftaosak  Khintchine  for¬ 
mula  is  noted. 

lestlnn  t  oootstos  a  dee srtpti  an  ef  tbe  system  end  ths  dtfbrent  types  ef  ths 
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steady-state  mrt|t  number  o f  customers  in  the  system  la  obtained  in  Motion 
4.  In  a  action  5,  appllcaton  to  the  modaling  of  checkpointing  and  recovery  in  a 
transactional  databaM  system  is  considered. 


Consular  tha  11/ C/1  queue  subject  to  different  sources  of  Poisson  interrup¬ 
tions  of  different  types.  Customers  receive  service  according  to  the  FCFS  discip¬ 
line.  It  is  necessary  to  distlnguisb  different  types  of  interruptions.  Independent 
interruptions  may  arrive  when  the  system  is  idle  or  when  the  system  is  servicing 
a  customer.  Active  interruptions  may  arrive  only  when  the  system  is  servicing  a 
customer.  No  interruptions  may  arrive  when  the  system  is  Mrvicing  an  interr¬ 
uption. 

The  following  is  a  classification  of  the  different  types  of  Mrvice-lnterruption 
interactions  considered  in  this  paper  (see  figure  1). 

I)  Preemptive  interruption  (pmar): 

Customer's  sendee  is  preempted  immediately  on  arrival  of  an  interruption. 

After  servicing  the  interruption  there  are  two  possibilities;  namely; 

a)  preemptive-resume  (pre):  Use  customer's  sendee  is  resumed  from  the 
point  at  which  It  w«s  preempted. 

preemptive  repeat  (prt):  the  customer's  service  Is  repeated  from  its 
beginning.  In  preemptive  rapsat«idontlcal(prt)  interruption,  the  seme 


b) 
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Typt  8/  MtrrupMon 


ywyWw{pwi>)  portponabU  (j*p) 


idmhem(pri)  mjfmrwni(pnl) 


CuatanWa  wntoi  m>Iwim  upaa  tha  arrival  of  an  intarrupttan.  Tha  Intarr- 
upUaaa  aaounwiatai  Mu  tha  ouatomar'a  aarvtoa  ara  aarvtoad  Immadi- 

Aagr  af  tha  Irtarrapllana  nln  Mail  ahaaa  mar  ba  aoih«(ao<)  or 
tatapaodawKW).  Va  4aina  tha  aahaaU  ef  intarrupttaa  soaroaa; 


to  tha 
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ipmv  a  tprt  \j  iprs  , 
xnd  s  ipmv  j  ipsp  . 

Define  alto  the  tubs  eta:  prt,  prd,  prf ,  prs,  pmv  and  pep  such  that 
prl  *  apri  UlP»<  . 
prat  *  aprrf  (j  iprd  , 
prt  *  aprt  \j  tprt  . 
prt  »  qprs  \j  iprs  . 
pmv  *  apmv  (j  ipmv  . 
psp  *  apsp  u*PV>  ■ 

The  total  aat  at  interruption  sources,  T,  that  may  be  present  in  the  system 
is  given  by 

T  ■  pmv  u  pep  *  act  \j  i nd  . 

In  subsequent  discussion  the  index  t(t*T)  indicates  the  source  of  interruption 
(note  that  there  may  be  more  than  one  source  of  the  same  type). 

The  following  notations  describe  the  system 
A  la  the  customer's  arrival  rate. 

S  is  the  customer's  service  time;  a  random  variable  with  a  probability  distri¬ 
bution  function  G(*)*P(5 ate)  and  1ST  f\s). 

v,  is  the  arrival  rate  of  interruptions  from  sourest. 

It  is  the  time  dwation  of  source  t  interruption;  a  random  variable  with  proba¬ 
bility  Retribution  function  G»(s)«/*(/|Sar)  and  1ST  /J(s). 

Ve  dates  the  effective  service  time,  3*.  to  be  the  random  interval  of  time 
spent  by  the  system  in  servtetog  a  customer,  inoiuding  the  repetitions  due  to 
prt  lnto»Twpttoue  during  the  easterner's  service  end  eaoiuding  the  Ume  duration 
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5.  if  no  prt  interruptions  arc  prnmt 

S,  ■  £  ♦  5(d)|  ♦  £s( *)  ♦  51.  (8.1) 

«■!  I  t«l  j  <•! 

it  prt  Pxtrrruptiona  art  prattnt 

AfpJtO  it  tbt  total  random  number  of  prd  interruption*  (ponibly  from  different 
source*)  that  arrived  during  tha  customer1*  cervice. 

iV/(d)» 0,  \*d*Np,  ii  tha  total  random  number  of  prt  interruption*  (poeeibly 
from  different  source*)  that  arrived  between  the  (d-l)-tA  and  the  d~th  prd 
interruptions  (d-l*0  corresponds  to  the  beginning  of  the  customer’s  service). 
S(i,d),  Lfi*JVj(d).  l*d*Np,  is  the  random  interval  of  time  between  the 
(i-l)-fA  and  the  i-th  prt  interruptions  that  arrived  between  the  (d-l)-th  and 
the  d-th  prd  intemiptions  (i-l«0  corresponds  to  the  beginning  of  service  after 
the  (d-l)-th  prd  interruption). 

S(d).  1st d*Np.  is  the  random  interval  of  time  between  tbs  d-th  prd  interrup¬ 
tion  and  the  preceding  prt  interruption.  Note  that  S(d)  and  S(t.cf),  l «i<ty(d). 
are  dependant  random  variables. 

Nf‘ W)  is  the  total  random  number  of  prt  interruptions  that  arrived  between  the 
last  prd  interruption  and  sendee  completion. 

S'  is  the  random  Interval  of  time  between  the  last  prt  Interruption  and  service 
completion;  it  is  the  customer's  service  time  which  is  restarted  following  the 
last  prd  interruption. 

S*(i)nS’,  UttmN'.  Is  the  random  interval  of  time  between  the  (<— 1)— db  end  the 
<-A  prt  interruptions  that  arrived  after  the  last  prd  Interruption.  Note  that  5‘ 
sad  S*(<),  imtM/fj’,  ace  dependant  random  vartobtm. 

It  Is  bnpertant  to  aeU  that  whan  different  types  of  interruptions  an 
prMt.  S,  to  minty  **snntoad  by  Urn  pH  (pH  and  prd)  Wdarruptlana.  V 
there  are  aa  pH  toftnmptoaat  than  S,  Is  Mstotssl  In  Mm  anetenmc's  sendee 
Mow  9.  Lst  4(*)n/(j;ff»)  he  the  prab ability  MrtitoiiMia  fmmttoa 


af  the 
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effective  service  time  and  denote  by  ^  (* )  its  LST. 

The  completion  time,  C  (as  defined  by  Gaver),  is  the  random  interval  of 
time  between  the  instant  at  which  the  customer's  service  begins  and  the  instant 
at  which  the  service  of  the  next  customer  may  begin  (does  begin  provided  that  a 
customer  is  present).  It  follows  that 


ier  *■! 


Nt  is  the  random  number  of  source  t  interruptions  that  arrived  during  the 
customer's  service,  and  /« (Jfe )  is  the  random  time  duration  of  the  k  -th  interrup¬ 
tion  of  source  t .  S,  is  as  given  by  equation  (2.1).  Let  Gl(x)aP(Ca>* )  be  the  pro¬ 
bability  distribution  function  of  the  completion  time  and  denote  by  fT(s)  its 
LST.  It  is  important  to  notice  that  the  completion  times  of  successive  custo¬ 
mers  are  independent  and  identically  distributed  random  variables. 


The  following  notations  are  presented  for  the  completion  time  and  will  be 
used  for  ail  random  variables  under  consideration. 

The  i-th  moment  E(C*)  is  given  by  the  following  relation 


HO)  *  (-i)« 


<■1.2,... 


(2.3) 


The  expected  residual  time,  R(C),  is  given  by  the  following  relation 


R(C)  u  Wt  (Z4) 

4 

In  the  following  section  we  consider  the  analysis  of  the  completion  time. 


3.  The  Completion  Time 


This  section  is  devoted  to  the  analysis  of  the  completion  time  associated 
with  a  customer's  service.  Clearly  the  analysis  is  independent  of  queueing 
aspects.  We  will  derive  the  probability  distribution  of  the  completion  time  and 
give  an  alternative  probabilistic  arguments  to  obtain  its  first  and  second 
moments. 

Consider  a  single  server  subject  to  different  types  of  Poisson  interruptions. 
Interruptions  may  arrive  only  during  the  customer's  service.  The  interruptions 
from  source  t*T  have  durations  that  are  independent  and  identically  distri¬ 
buted. 

It  is  important  to  remark  that  the  pep  and  the  prt  types  of  interruption 
have  exactly  the  same  effect  on  the  completion  time  (but  not  the  same  queueing 
effect).  Therefore  vre  can  group  these  two  types  of  interruption  into  one  type, 
say  prt,  in  the  analysis  of  the  completion  time.  Without  loss  of  generality  we  will 
consider  the  simultaneous  presence  of  a  single  source  from  each  type  of  interr¬ 
uption;  namely,  prt.  pri  and  prd.  The  results  are  similar  in  the  case  where  one 
or  more  sources  from  each  type  are  present  Thus  in  the  analysis  of  this  section 
we  will  consider  the  mixture  of  the  following  three  sources  of  interruption: 
i) prt  source,  with  interruption  rate  v,  and  duration  I,  with  1ST  given  by  r,(a). 
li)  prt  source,  with  Interruption  rate  «|  and  duration  /<  with  1ST  given  by  /J(s ). 
Ul)  prd  source,  with  interruption  rate  v<  and  duration  /*  with  1ST  given  by 
/■<(.)■ 

The  effective  service  time  and  the  completion  time  associated  with  a 
customer's  sendee  wars  defined  in  section  2.  The  corresponding  LSTt  are 
defined  as  follows 
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£(•> 

where 


f  ^(*(S**)  dC(i). 


if  no  prd  ini  irruptions  art  prtstnt 
otherwise 


Similarly, 


I/"  (T(tls  ** )  dG(z),  if  no  prd  intirruptians  art  prtstnt 
C\t)  «  [^(,-tC)  otherwise 

where 

C\s\S**)  •  E(t^S*x)  . 


(an) 


(3.2) 


(3.3) 


(3.4) 


Vo  aro  particularly  intaraatad  in  tbo  first  and  the  second  momenta  of  the 
above  random  variables.  The  expected  residual  time  is  given  by  the  following 
relations 


R{S.) 


j^*  /?(S#!s*x)  dG(x),  if  no  prd  intirruptians 

rrsr 


art  prtstnt 


(3.5) 


where 


■  ici£sZ\ 


(3.8) 


Similarly. 


*(C) 


/f(dS-x)  dG(x).  if  no  prd  intirruptians  art  prtstnt 
X(C*) 

Tiler 


(17) 


(18) 


The  following  remark  will  be  used  in  subsequent  analysis.  Let  K  be  the  hold* 
ing  time  in  the  operating  state  (servicing  the  customer)  between  any  two  interr¬ 
uptions.  and  denote  by  G*(x)*P(H*x)  its  probability  distribution  function. 
From  the  Poisson  property  of  all  interruptions  It  follows  that 

df*(x)  *  v  «-’•  d*  (19) 

where  v  *  v,  ♦  v<  ♦  vt  is  the  total  interruption  rate. 

In  the  next  section  we  proceed  to  derive  the  1ST  of  the  completion  time. 


3.1.  The  Laplace  Stetttjaa  Transform  (LST) 

Consider  a  customer  that  starts  being  serviced  with  initial  service  time 
(note  that  the  customer's  service  time  changes  after  any prd  interrup¬ 
tion).  Upon  the  arrival  of  pn  interruption  the  customer's  service  is  preempted 
for  the  duration  of  the  interruption.  The  same  customer's  service  is  resumed 
after  the  interruption.  The  Initial  customer's  service  may  complete  after  a 
number  of  pn  interruptions  and  before  the  arrival  of  any  prt  interruption.  Oth¬ 
erwise  it  is  preempted  and  repeated  after  the  prt  Interrption.  After  a  pri  interr¬ 
uption  the  seme  initial  customer’s  sendee  is  restarted.  After  a  pr  interruption 
a  different  customer's  service  (wx)  is  repeated.  The  new  customer's  service  may 
be  completed  before  any  prt  interruption,  otherwise  It  is  repeated,  and  so  on. 

Let  C|(x)  be  the  total  time  spent  in  servicing  the  customer  and  the  pn 
interruptions  until  x  units  of  servlet  time  are  oompieted  and  before  the  arrival 
of  any  prt  Interruption.  Note  that  Ct(x)  has  incomplete  distribution,  since 
C,(x)  ■■».!/  any  prt  interruption  arrives  before  completing  s  units  of  sendee 
time. 

Let  C*(s)  be  the  total  time  spent  in  servicing  tbs  customer  and  the  pn  Intern 
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upturn*  until  the  arrival  of  any  prt  interruption  and  before  the  completion  of  * 
unit*  ot  service  time.  Note  that  Ct(x)  baa  incomplete  distribution,  since 
C*(x)  *  «.  if  x  units  of  service  time  are  co  misted  before  the  arrival  of  any  prt 
interruption.  Furthermore  it  is  dear  that 

P(Ci(x)  *  -)  *  P(Ct(x)  *-)*!. 
since  the  two  events  are  exhaustive  and  mutually  exclusive. 


Define  the  following  LST  s 


(3-iO) 


<?&*)  *  «(e“w) 


(3.11) 


The  following  two  lemmas  determine  the  shove  LST s  which  are  useful  for 
determining  <f(*)  defined  in  equation  (3.3)  as  will  be  shown  in  theorem  a  1. 


Lemma  3.1  .  The  LST  (f,(t.x)  as  defined  in  equation  (1 10)  is  given  by 

(?;<«.*) 

where  v  and  v,  are  the  total  and  the  prt  interruption  rates,  respectively. 


(3.12) 


Proof :  Conditioning  on  H,  the  holding  time  until  the  first  Interruption. 


ff,(s.*ltf«h)  w  E{ •^•Wwli) 


’ 

I-*  . 

*-•**  £(«) 


if  baa 


fT|(*^B-b).  lfb<* 


Unconditioning  with  respect  to  /if ,  we  get 


<f*(e3) *  e**~*  ♦  ^ v,  9“<****  /*,<*)  <?;<«.*-*)  <t% 
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*  £ e^"  <?!(*,*)  dx 

After  changing  the  order  of  integration  and  rearranging,  it  follow*  that 

Inverting  with  ratpact  to  u  yield*  aquation  (3. 12).  Q.E  D 

Lemma  3.2:  The  1ST  <%«,*)  a*  defined  in  aquation  (3.11)  is  given  by 

where  v  and  v,  are  the  total  and  the  pre  interruption  rata*,  respectively. 


Proof :  Conditioning  on  H.  the  holding  time  until  the  first  Interruption,  we  have 


<r*(*.*l ff-A)  ■  ^(a'^'Weh) 


c 


”*£(*)  <%<s.a-A). 


if  prt  preemption 
ifpr*  preemption 


Unconditioning  with  respect  to  H ,  we  get 


Cfr*)  - 1  (w-q.)  *-<•-*  <*  ♦  |  v,  a*"*  r.(a)  <T«(«^-A)  dh 

Define  the  double  transform 


<?«(•.«)  *  { i**  <?*(».*)  * 

After  chaining  the  order  of  integration  and  rearranging,  it  follows  that 

Inverting  with  respect  to  u  yields  aquation  (3. 13).  £££ 


Now  we  can  proceed  to  determine  C(*).  the  LST  ai  the  completion  time,  in 
the  following  main  theorem. 

Theorem  3.1  .  The  LST  at  the  completion  time  eaeoclated  with  e  cuetomer’a  eer* 
vice  ie  given  by 


dG(x) 


rearranging  yields  equation  (3.14 ).Q.ED. 


The  following  corollary  determines  /*•(«),  the  LST  of  the  effective  service 


CbreRnry  31  :  The  LST  at  the  effective  service  time  associated  with  a 


customer's  service  Is  given  by 


■  T7vl+ eTe^*** 


Veil  ~  • 


-*C(n) 


■dG(a) 


(3.18) 


where  i«t  and  v*  are  the  pri  and  the  prd  interruption  rates,  respectively. 

Proof :  Let  S,  (*)  be  the  effective  service  time  associated  with  a  customer’s  ser¬ 
vice  given  that  its  initial  service  time  5o**.  The  corresponding  LST  is  denoted 
by  4^(s.s).  From  earlier  definitions  in  section  2,  it  should  be  dear  that  the 
effective  service  time  follows  from  the  completion  time  by  setting  the  duration 
of  all  interruptions  to  sera  Thus  substituting  for  /J(«)  *  /J(s)  *  /i(s)  ■  i  in 
equation  (3.18)  yields  the  following 


£(«.«)  •ff(e^w) 


(3.17) 


where  we  made  use  of  v-«b,»es+wt. 

Equation  (3.18)  follow  front  equation  (3117)  or  by  similar  substitution  in  equation 

(an).  Q.K.D 

H  is  interesting  to  note  that  the  effective  sendee  time  depends  only  on  the 


and  on  the  distributten  of  the 


JS^!  ’*  'Sti. 


Clearly  tha  i-tto  moment  of  tba  completion  tima  eaa  ba  determined  from  the 
LST  C\t)  by  equation  (2.3),  though  this  is  a  lengthy  and  err  or -prana  task.  A 
more  elegant  technique  follows  the  same  steps  as  In  tha  derivation  of  C\t). 

Ve  give  an  alternative  derivation  of  the  Drat  moment  and  the  expected  resi¬ 
dual  tints.  This  derivation  is  based  on  probabilistic  arguments;  It  is  presented  as 
an  Intuitive  uunflnnation  of  results  which  are  proved  rigorously.  Tba  derived 
expressions  relate  the  moments  of  the  completion  time  to  the  moments  at  the 
affective  service  time  ,  tha  rates  sad  the  moments  of  tha  interruptions.  This  Is 
advantegeuos  since  it  is  aeier  to  evaluate  the  moments  of  the  effective  service 
time. 

First  we  introduce  some  quantities  that  wa  be  umd  In  the  toBowfag  disoue- 
rions.  Let  A  be  the  expected  fraction  of  completion  time  spent  by  the  system  in 
actually  servicing  tha  nneinmer.  Fima  tha  Fataaan  property  of  Interruptions  it 
follows  that  the  expected  fraction  of  nnmplotlnn  time  spent  by  the  system  in 
servicing  source  f  interruptions,  4.  Is  gtasa  by  Tram  Uw  normalising 

oomatfonwegot 


a  •  u  ♦  *(/.))*' . 

(3.18) 

and 

4  ■  4  *(/.)(!♦£*.  Kk))'1  . 

(3.18) 

£(C)mi^L% 


*(Q*  *<£,)  + 4,  [£</.) +4&L 

♦  4*  (*(/«)  ♦  S(O) 


*  a  t mu  *  IZSfigpU.  <g<»)] , 

«tMr«  d.  4,  4,  d*  are  given  by  equations  (a is)  and  (3. 19), 


■  (!♦  **<*)) 


*****  • 


m 


■sana*  ~  * 


♦«**<*))- - * - - 

i 

*■•/ :  £(3jsa*m)  and  S(3$S^x)  Hollow  by  dtfhruMattaj  from  aque- 

ttoo  (3.17)  «tth  rwpaet  to  «  aod  uatag  aquation  (13).  Unaondltlepfag  with 
US,  and  raarrangtaf  ytatda  !<*)  «d  Stadiariy.  equation 

(lift)  an  ba  mad  to  attain  £(<&**•)  mi  £(€%•»).  " - mi  lug  wfth 

"**  U,'“*  rrnstmm  yield.  f(0  and  *<*>.  *<*)  «i  Jt(C}  are 
ablilMl  fra m  tplhw  (3.3)  and  (1.7).  raapiaiintj,  »*fl 


16 


In  the  following  remark  we  present  a  probabilistic  argument  to  the  deriva¬ 
tion  of  theorem  3.2. 

Rmmrk :  (probabilistic  argument) 

From  the  Poisson  property  of  Interruptions,  it  follows  that  the  total 
expected  duration  of  type  (  Interruptions  during  the  customer's  service  is  given 
by  v,E(S9)£(Ii),  tmT.  This  property  holds  insplte  of  the  dependency  of  the 
effective  service  time  on  the  stream  of  prt  Interruptions. 

Consider  the  completion  time  given  that  the  initial  customer's  service 
Sq*z.  The  expected  completion  time  is  the  addition  of  the  expected  effective 
service  time  and  the  expected  time  spent  in  ail  interruptions  during  the 
customer's  service.  Hence,  we  have 

*(dSo»e)  ■  E(S,\S0*x)  [1  +  v,E(It)  ♦  «,£(/*)  ♦  ««£(/*)]  (3.22) 

Unconditioning  with  respect  to  5Q  yields  equation  (3.20). 

A  random  observer  will  find  the  server  actually  servicing  the  customer  with 
probability  A,  and  will  And  an  interruption  of  type  t  with  probability  4,  f  «7\ 
Furthermore  if  the  expected  residual  Ume  of  5,  Is  R(3m)  than  Its  contribution 
to  the  expected  residual  Ume  of  C  is  expanded  by  a  factor  A~l  due  to  interrup¬ 
tions  that  arrive  during  the  residual  affective  service  time.  Therefore,  the 
expected  residual  time  of  C  given  that  8f> s,  may  be  written  as  follows 

+  +  VHM 

♦  A  WA)  ♦  d») 


luhatltuUng  for  Uw  expected  rwtducl  time  from  the  relation  in  (14)  and  using 


IT 


*ZV4  E{U)  *(s,ls0w*)  [*(/<)  ♦  £(C)1 
♦  2«,  f(/t)  [/?{/«)  E(SjSfPM)  * 


(3.24) 


Unoonditioning  with  raapact  to  5g  and  dartdinf  by  E(C)  from  aquation  (3.20) 
yialda  aquation  (121). 


Tha  following  two  eoroUariaa  spaoiaiiza  to  tha  eaaaa  wbara  aithar  prd  or  pri 
intarrupUona  ara  praaant  but  not  both  aimultanaouaiy. 

OoroUary  3.M:  If  no  pri  intarruptiona  ara  praaant  than  tha  Drat  momant  and  tha 
axpactad  raaidual  tlma  of  C  ara  ghran  by 

E(C)  m  Z&L  .  (3.28) 

and 


R(C)  «  JUS,)  ♦  A,  [*(4)  *  ♦  At  [R(lt)  ♦  *(0]  .  (3.88) 

wbara 


and 

**>•«*)  -idcrT^- 

frw/ :  Follows  dkraetly  from  thaoram  3J  by  totting  n«0  and  — otnaHag  E{3,) 
and  R(S,)  aaaonflngly.  « 


expected  residual  time  of  C  are  given  by 


E(C)*2Z iL,  (3.87) 

R(C)  *  R(S,)  ♦  A,  [*(/.)  +  +  *  (*(/,)  ♦  E(C)]  .  (3.28) 

where 

E(S.)  m  iS&LJL , 

and 

*<*> .  ns.)  -  . 

/Too/ :  Follows  from  theorem  3.2  by  oodltloning  on  tho  customer's  sondes  tints 
5(»5o)«*.  Wo  got 

r(cw^) .  . 

and 

*(dj»«)  *  *(5.ls**)  ♦  *  [R(I,)  *  R^U-U  ♦  A  [*(4)  «•  R(dSmM)) 

Unoaodltioniag  «tth  respect  to  the  wist  amor's  sendee  Umo  S  and  evaluating 
S(S.)  and  R(S,).  mtn C  equatlano  (117)  and  (18).  jtoldi  fnstteao  (187)  and 
(la).  9£0. 

So  tar  wo  bars  boon  able  to  dortoo  tho  1ST  of  tho  odbeUee  aorvtoe  Umo  and 
tho  oomplotlon  timo  oosoalafod  wUh  a  customer's  sendee.  10  also  obtained  use- 
ltd  relations  forthoflrst  momood  and  tho  expected  residual  Umo. 

fc  should  bo  notod  that  ahhongh  ae  hows  ssnsldsrod  oho  oourao  of  isdorray 
ttono  of  each  typo,  the  same  raouto  hold  In  the  eaoo  where  there  are  more  than 
one  ooaroo  of  tatorrapHans  at  oaoh  typoi  Vhr  iwplo,  fee  Mo  «,  Jffr)  ore 
raptoaodhy  /Ko).  «n(o.t.d(.  in  equation  (1U)  for  <f(s). 


It  remains  to  note  that  the  completion  times  associated  with  successive 
customers  are  independent  and  identically  distributed  random  variables.  This  is 
an  important  remark  for  the  analysis  of  the  steady-state  average  number  of  cus¬ 
tomers  in  the  system  which  is  considered  in  the  next  section. 


In  [4]  Caver  derived  the  steady-state  distribution  of  the  number  of  custo¬ 


mers  in  the  system  in  the  ease  where  only  a  single  type  at  interruption  sources 
are  present  Similar  derivation  holds  in  tbs  ease  with  mixed  types  of  interrup¬ 
tion  sources.  In  this  section  we  show  that  if  we  are  only  interested  in  the 
steady-state  average  number  of  customers  ebon  it  can  be  derived  by  rather  sim¬ 
ple  probabilistic  arguments  [7,8, 14], 

Unlike  the  analysts  of  the  completion  time,  it  Is  important  to  distinguish 
active  and  independent  interruptions.  We  consider  the  mixture  of  all  types  at 
interruptions,  active  and  independent,  with  one  or  more  sources  at  amah  type. 


that  when  aB  Interruptions  are  of  the  active-preemptive  type,  the 
lie  average  number  at  customers  is  dstoradnsd  by  the  Poilaessk- 


of  a  virtual 


at  this  point  to  intreduos  tbs 


wtthsaohrosi 


tkaa  Is 


to  ths 


that  we  ttinittii  in 


&  TMs 


that  a 
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Wmm 


Denote  by  Pt  the  expected  fraction  of  time  the  eystem  ia  idle  (i.e.  neither 
customer*  nor  interruption!  ere  in  the  system).  From  the  Poisson  property  of 
interruptions,  it  follows  that  the  expected  fraction  of  time  the  system  is  servic¬ 
ing  Independent  interruptions  from  source  t  that  start  busy  periods  is  given  by 
Pt  mPjVxE(It).  teirut.  This  is  also  the  expected  number  of  independent  interr- 
uptlone  from  source  t ,  that  start  busy  periods,  in  service.  Pi  can  be  determined 
from  the  normalizing  relation 

XK(C)  +  P/  +  »  1 

It  follows  that 

» (l  -  kt(0)  (i  ♦  Em  *</«»“* .  (4.1) 

and 


Pi  *(/.)  (1  -  A*(0)  (1  ♦  £(/,))-• 

from  equation  (4.1)  it  is  ohviuoa  that  the  system  is  stable  If  A  E(C)  <  1 . 


(4.2) 


The  fogowlng  theorem  gives  the  general  result. 

Theorem  4.1  :  The  eteedy  state  average  number  of  customers  in  the  M/C/1 
Spaas  with  mined  types  of  interruptions  is  given  by 

£  *t *(/»))■'  £**(/,)#</,) 

l«M  ISM 

♦  (1  -  A «C))-*  A*  E(Ci  Jt(C)  *  K£(0 

(O) 

HO  — 4  »<Q  —  gfrila  by  4qu>ttan.  (3J0)  «a4  (3*1).  fpirtbwty. 


number  of  virtual  oust  omen  In  wrvie*  aeon  by  an  arrival  la  \E(C)  and  banco 
the  expectad  number  at  waiting  virtual  cuatomera  la  (S'  - \E(C)). 

The  mean  reaponae  time  If'  of  a  virtual  cuatomer  la  .made  of  the  follow* 
iQg  terma 

r  m  w\  +  r,  ♦  r,  +  w\  . 

IT,  la  the  expected  remaining  aervice  of  independent  interruptiona,  that  start 
buay  perioda.  found  in  aervice 

r,  ■  E  *  R(h) 

with  P,  team  equation  (48). 

If«  la  the  expected  remaining  aervtoe  of  virtual  cuatomera  found  in  tarvioe 

r,  -  XE(Q  R(o 

with  E(C)  «ad  R(C)  team  equations  (180)  and  (181). 

h*a  ia  the  expected  time  apent  in  eervlctng  the  waiting  virtual  cuatomera  found 
in  the  eyetem 

Wf(N-\E(0)K(0 

r4  ia  the  expeotcdaeivtoe  Una  ef  the  arrtvb*  virtual  customer 

r«-X(C)  . 

lub  at  hating  tar  S’  team  little's  tar— la  (/Texr)  yiaUa  an  exp&eit  axprualcn 
tar  r 

»  • a ♦  £+ Kkir* *u> *<*) 

♦  a -m(cr  x*(o  . 


zt 

*  *  *■  -E(S.)  £  vtE(rt) 

Tbs  steady-state  average  number  of  reel  customers  N  follows  from  Little's 
fomula  Q.E.D. 

The  following  corollary  specializes  the  result  to  the  case  where  all  interrup¬ 
tions  are  of  the  active-preemptive  type. 

QtroUary  4.1  ;  In  the  special  case  whre  ail  interruptions  are  of  the  active- 
preemptive  type,  the  steady-state  average  number  of  customers  is  given  by  the 
Pollaczek-Khintchine  formula 

N  *  \K{ O  ♦  (1  -  XE{C))~x  X*  E(C )  R(C)  (4.4) 

with  E(C)  and  R(C)  as  determined  by  equations  (3.20)  and  (3.21).  respectively. 

Awe/ .-  Follows  directly  from  theorem  4.1.  Q.E.D. 

Ibis  result  could  be  anticipated  since  when  all  interruptions  are  active- 
preemptive.  the  system  can  be  viewed  as  an  lf/G/l  queue  with  the  real 
customer’s  service  time  replaced  by  the  virtual  customer’s  service  time  (or 
equivalently,  the  completion  time). 


e 

In  this  section  we  consider  the  application  of  the  developed  theory  to  the 
modeling  of  checkpointing  and  recovery  la  a  transactional  system. 


6.1.  Introduction 


Periodical  cbeckpointing  ia  a  common  technique  for  maintaining  the 
integrity  of  information  in  database  systems  subject  to  failures.  During  a  check* 
point  a  copy  of  the  system  flies  is  saved  in  a  secondary  storage  device.  When  a 
failure  occurs,  a  recovery  action  is  initiated.  It  starts  with  reloading  a  copy  of 
the  system  flies  that  were  saved  at  the  last  checkpoint  into  primary  memory. 
This  is  followed  by  reprocessing  all  those  transactions  that  have  been  processed 
since  the  last  checkpoint.  The  recovery  action  brings  the  system  to  its  correct 
status  as  just  before  the  failure.  The  system  is  unavailable  for  processing  new 
transactions  during  checkpointing  and  recovery  operations.  Too  frequent 
checkpoints  cost  much  time  in  making  unnecessary  copies,  and  too  distant 
checkpoints  cost  much  time  in  reprocessing  after  failures.  Therefore  it  is  of 
much  interest  to  determine  the  cbeckpointing  frequency  that  optimises  certain 
performance  measure  such  as  the  system  availability  (the  fraction  of  time  the 
system  is  available  for  processing  new  transactions),  or  the  mean  response  time 
of  a  transaction. 

Although  many  authors  have  studied  models  to  determine  the  system  aval* 
lability,  only  a  few  of  them  considered  the  queueing  aspects  in  order  to  compute 
the  mean  response  time  [1.2.3,5,6.12. 13}.  ’  In  most  of  these  models  the  mean 
recovery  period  is  assumed  to  be  proportional  to  the  mean  available  time 
between  checkpoints.  Geienbe  and  Deroobette  [5]  considered  an  M/M/ 1  system 
with  two  souroes  of  independent  Poisson  interruptions;  namely,  checkpointing 
and  failure-recovery  (indeed,  this  is  a  special  case  of  Caver's  model).  Nicola  and 
Kytetra  [12]  estended  the  model  to  include  state-dependant  parameters  and 
Anita  waiting  room.  In  [13]  they  considered  a  model  in  which  checkpoints  are 
performed  after  e  spealted  amber  of  completed  transactions  (load-dependent 
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strategy).  In  [0]  Gelenbe  relaxed  the  exponential  assumption  and  considered  a 
general  distribution  of  available  time  between  checkpoints.  Baccelli  [l]  contin¬ 
ued  the  work  of  Gelenbe  and  derived  numerical  algorithm  for  the  computation  of 
the  mean  response  time.  Duda  [3]  further  generalized  the  model  to  the  GI/G/1 
system.  Kis  analysis  is  based  on  a  diffusion  approximation  approach,  and  it 
implies  a  preemptive-resume  type  of  Interruptions.  In  [2]  Baccelli  and  Znati  con¬ 
sidered  an  U/C/l  system  with  two  types  of  independent  Poisson  interruptions; 
namely,  preemptive- resume  (for  checkpointing)  and  preemptive-  repeat- 
different  (for  recovery). 

In  this  section  we  consider  an  Vt/G/l  system.  Checkpoints  may  occur  when 
the  system  is  idle  or  when  it  is  processing.  If  the  system  is  processing  then  the 
checkpoint  operation  is  postponed  until  the  end  of  the  transaction  being  pro¬ 
cessed.  Therefore  checkpoints  are  modelled  as  independent -postponable  (fpap) 
Poisson  interruptions.  Checkpoint  durations  are  Independent  and  of  identical 
general  distribution.  Failures  may  occur  only  when  the  system  is  processing.  A 
recovery  operation  preempts  the  transaction  being  processed.  When  recovery  is 
completed  the  preempted  transaction  is  reprocessed.  Therefore  recoveries  are 
modelled  as  active-preemptbre-repeat -identical  (aprt)  Poisson  interruptions. 

Ve  propose  a  more  accurate  recovery  model  than  those  considered  in  pre¬ 
vious  queueing  models.  It  is  assumed  that  a  random  number  of  transactions 
should  be  reprocessed  In  a  recovery  operation.  The  distribution  of  this  number 
is  Identical  to  that  of  the  random  number  of  processed  transactions  between 
failure  occurrence  and  the  last  checkpoint  This  yields  independent  recovery 
durations  of  identical  distribution.  The  mean  and  variance  of  this  distribution 
can  be  expressed  as  functions  of  the  checkpointing  frequency,  es  will  be  shown. 


&& 


First  «c  define  the  peremeters  end  the  random  variables  associated  wtth 
the  model  described  in  section  5.1.  Consider  the  M/C/1  system  in  which  tran¬ 
sactions  arrive  at  rate  X.  They  are  processed  according  to  the  FCFS  discipline. 
The  processing  time  of  a  transaction.  5,  is  a  random  variable  of  general  distri¬ 
bution:  its  1ST  is  ^s).  Checkpoints  are  ifmp  Poisson  interruptions.  They  are 
perfomed  at  rats  a.  Checkpoint  duration,  B.  is  a  random  variable  of  general  dis¬ 
tribution  Failures  are  qprt  Poisson  Interruptions.  They  occur  at  rate  y. 
Recovery  duration,  Q,  is  a  random  variable  of  general  distribution 


Ve  proceed  to  compute  the  first  moment  and  the  expected  residual  time  of 
the  effective  service  time,  5(I  and  the  completion  time,  C.  as  defined  in  section 
2.  Since  there  are  no  prd  interruptions,  we  can  use  the  results  of  corollary  3.3. 
It  follows  that 

E(S')  •  (5.1) 


-£.L=2)1  ,  *£1-7), 


(^(-7)  -  1) 


Let  A.Ag.Af,  be  the  expected  fraction  of  completion  time  spent  by  the  sys¬ 
tem  in  processing  the  transaction,  in  checkpoints  and  In  recoveries,  respec¬ 
tively.  Then  from  equations  (3.18)  and  (3.19)  we  have 


d  -  (1  ♦«*(*)♦  7  *($»“  . 

(5.3) 

A§  •  a  E(B)  A  , 

l 

(&4) 

A^myEWA  . 

(8.5) 

Equations  (3.ZT)  md  (3.98)  give  tar  S(C)  and  M (O  the  foflowtng 


R(0  -  *(S .)  ♦  A,  [R(B) 


*  A*  C/?(^)  ♦ 


Let  P[  be  the  probability  that  the  system  la  Idle;  it  ia  determined  from 
equation  (4. 1).  The  system  availability,  A*  ia  given  by 

A'  ■  A  E(S.)  ♦  Pi 
_  \-\E(S,)yE(Q) 

"  <1  <■  (i8) 

The  mean  reaponae  time  of  a  transaction.  W.  ia  determined  from  theorem 
4. 1  and  Uttle’a  formula 

'  •  * £<c>  ~ atw  *<*>  (1,) 

The  flrat  term  la  the  contribution  of  checkpoints  that  atart  busy  perioda  and  the 
laat  term  ia  due  to  the  poetponement  of  checkpoints.  The  middle  term 
correepond  to  the  Pollaczek-Khintchine  formula  (see  equation  (4.4)). 

For  the  optimisation  of  performance  measures  we  need  to  establish  a  modal 
ter  the  dependence  of  the  recovery  duration,  Q.  on  the  checkpointing  rate,  a.  It 
can  be  shown  [0],  for  esponentiai  available  time  interval  between  checkpoints 
and  Poisson  failure  occurrences,  that  the  available  time  interval  F,  between 
failure  occurrence  and  the  last  checkpoint  is  exponentially  distributed  with  a 
mean  a-1.  Ve  assume  that  the  completion  process  of  transactions  (in  Uw  avail* 


able  time)  Is  Poisson  with  rata  Let  MF  be  the 


Mi?*.. 


t-mi 


(Ml) 


( n  *  fr£(r) 


where  var(.)  denote*  the  variance  of  a  random  variable. 


further,  we  aaeume  that  a  random  number  corresponding  to  NF  and  of 
identical  distribution  is  to  be  reprocessed  in  a  recovery  operation.  This  yields  a 
recovery  duration.  Q.  of  mean  and  variance  given  by  [IS] 

E(Q)  *  E(NF)  E(S) 

*  Ta*~e(s)  *  (M2) 

var(Q)  •  E(NF)  var(S)  ♦  var(NF)  (E(S))a 

*  -TrCffCS*) +  (M3) 

a  A  CL  A 

The  expected  residual  time  R(Q)  follows 

RiQ)  *  R(S)  ♦  (9.14) 

Substituting  for  A'  from  equation  (5.8)  in  equation  (M2),  we  can  solve  for  E(Q) 
end  A*. 

The  optimisation  of  performance  measure*  with  respect  to  the  checkpoint¬ 
ing  rate,  «.  can  be  carried  out  analytically  or  numerically  after  substituting  for 
E(Q)  end  R(Q)  from  equations  (5.12)  and  (5.14).  In  general  the  maximisation  of 
the  system  availability.  A*.  and  the  minimi satinn  of  the  mean  response  time  of  a 
traneastten,  W,  yield  dUisrent  values  for  the  optimum  nhaakp  aiming  rate  [5,121 


V«  haw  defined  tba  effective  service  tima  and  raUtad  it  to  tha  completion 
Uma  aaaooUtad  with  a  customer's  sendee  in  a  single  server  with  mind  types  of 
Poisson  intarruptiona.  A  derivation  of  tha  LST  at  tha  compiatioo  Uma  ia 
presented.  Aa  an  intuitive  alternative,  wa  hart  damooatratad  a  probabilistic 
argument  to  eapress  tha  first  momant  and  tha  expected  raaiduai  Uma  at  tha 


complation  tima  In  terms  of  those  at  tha  affective  service  time  and  the  interrup¬ 
tions.  Rigorous  proofs  are  straightforward,  though  very  lengthy  and  uninterest¬ 
ing  for  presentation.  Tha  moments  of  tha  completion  tima  are  used  to  obtain 
the  stsodjr-state  average  number  of  customers  in  an  M/C/1  system  with  mind 
types  of  interruptions.  Whan  all  interruptions  are  active-preemptive,  tha  aver¬ 
age  number  of  customers  is  given  by  the  Poiieczak-Khintchina  formula  with  the 
customer's  service  time  replaced  by  tba  completion  time. 

The  theory  developed  is  relevant  in  many  systems  modeling  applications. 
One  such  application;  namely,  the  modeling  of  checkpointing  and  recovery  in  a 
transactional  database  system  is  considered.  Tha  theory  enables  us  to  modal  the 
interaction  between  transaction-processing  and  tba  two  types  of  intarruptiona 
more  realistically  than  in  previous  work. 
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